Abstract. A generalized Humbert curve of type n ≥ 4 is a closed Riemann surface S admitting a group H ∼ = Z n 2 of conformal automorphisms with quotient orbifold O = S/H having genus zero and exactly n + 1 cone points. It is known that S is non-hyperelliptic and uniquely determined, up to conformally equivalence, by O. Every closed Riemann surface R, admitting a group of conformal automorphisms G isomorphic to Z m 2 so that R/G = O, is obtained as the quotient S/K, where K < H acts freely on S. We describe all those subgroups K of H for which R is hyperelliptic and their algebraic equations.
Introduction
A closed Riemann surface S admitting a group H ∼ = Z n 2 , where n ≥ 4, of conformal automorphisms so that the orbifold O = S/H is the Riemann sphere C with exactly n + 1 cone points (all of them necessarily of order 2) is called a generalized Humbert curve of type n; the group H is called a generalized Humbert group of type n, the pair (S, H) a generalized Humbert pair of type n and the quotient orbifold O = S/H a generalized Humbert orbifold of type n. In [5] it was proved that the generalized Humbert group is unique, in particular, a normal subgroup of Aut(S), the group of conformal automorphisms of the generalized Humbert curve S. Let us consider a regular branched covering π : S → C, with H as its deck group. Up to post-composition with a suitable Möbius transformation, we may assume its branch values of π to be ∞, 0, 1, λ 1 , . . . , λ n−2 . If K < PSL 2 (C) is the (finite) group of those Möbius transformations keeping invariant the branch locus of π, then there is a short exact sequence 1 → H → Aut(S) → K → 1 which permits to compute explicitly the group Aut(S) (see [3] ). In [2] it was proved that S is defined by the following projective non-singular algebraic curve In the above algebraic model, the group H is generated by the transformations a 1 , ..., a n , where a j [x 1 : · · · : x n+1 ] = [x 1 : · · · : x j−1 : −x j : x j+1 : · · · : x n+1 ], and π : C(λ 1 , ..., λ n−2 ) → C : [x 1 : · · · : x n+1 ] → −(x 2 /x 1 ) 2 .
If we set a n+1 = a 1 a 2 · · · a n , then the only non-trivial elements of H having fixed points on C(λ 1 , ..., λ n−2 ) are a 1 , ..., a n+1 (called standard generators). The locus of fixed points of a j on C(λ 1 , ..., λ n−2 ) is F ix(a j ) = C(λ 1 , ..., λ n−2 ) ∩ {x j = 0}, and π(F ix(a 1 )) = ∞, π(F ix(a 2 )) = 0, π(F ix(a 3 )) = 1, π(F ix(a j )) = λ j−3 , for j = 4, ..., n + 1.
An important property of a generalized Humbert curve of type n is the following [2, 3] (see also Section 3.1). Assume R is a closed Riemann surface admitting a group G ∼ = Z m 2 of conformal automorphisms with quotient orbifold R/G being the Riemann sphere and cone points being the set ∞, 0, 1, λ 1 , . . . , λ n−2 . Then there is a subgroup K < H acting freely on S = C(λ 1 , ..., λ n−2 ) so that R = S/K and G = H/K. As we know that the only elements of H acting with fixed points are the standard generators, it is possible to describe those subgroups of H acting freely on S. In particular, one may describe those maximal rank subgroups of H acting freely of S (see Theorems 1, 3 and 2).
Every hyperelliptic Riemann surface is a quotient of a generalized Humbert curve. For instance, if we consider the hyperelliptic curve R defined by the algebraic cuve
then R is isomorphic to S = C(λ 1 ), . . . , λ 2g−1 )/K, where K is the kernel of the homomorphism θ : H → a : a 2 = 1 defined by θ(a j ) = a, where
is the associated Humbert group of S and a 1 , . . . , a 2g+2 are its corresponding standard generators. This is not the only way to obtain a hyperelliptic Riemann surface as a quotient of a suitable generalized Humbert curve of that or other type. We proceed to describe all those subgroups K of the Humbert group H of type n ≥ 4 of any generalized Humbert curve of type n, acting freely on S, so that S/K is hyperelliptic (see Theorem 4) . We also provide the corresponding hyperelliptic algebraic forms for these hyperelliptic Riemann surfaces (we make explicit this in the case n = 4). Finally, we provide relations between different moduli spaces associated to these hyperelliptic surfaces and the moduli space of generalized Humbert curves (see Theorem 5) .
A reason we are interested in generalized Humbert curves of type n ≥ 4 is due to the fact that these provide a family of non-hyperelliptic Riemann surfaces which behaves in a certain sense as the family of hyperelliptic Riemann surfaces, where the generalized Humbert group of type n replace the role of the hyperelliptic involution. Hyperelliptic Riemann surfaces have been used vastly in the literature as examples and counter-examples in the area of Riemann surfaces and related objects. We hope that generalized Humbert curves may also serve as prototypes at the level of non-hyperelliptic Riemann surfaces.
Hyperelliptic quotients of generalized Fermat curves
Let (S, H) be a generalized Humbert pair of type n ≥ 4. In this section we proceed to describe all those subgroups K of H, acting freely on S, so that R = S/K is a hyperelliptic Riemann surface. We also, en each case, provide the algebraic curve descriptions of them.
2.1. Subgroup of maximal rank acting freely. We start describing those subgroups K of H of maximal rank and acting freely on S. The group H contains exactly (n+1) standard generators, say a 1 ,...,a n+1 , so that a 1 a 2 · · · a n+1 = 1. It follows that the involutions in H which act freely on S are of the form a j 1 a j 2 · · · a j k , where k ∈ {2, 3, ..., n − 1} and j r = j l for r = l. This simple observation permits to describe all those subgroups of H acting freely on S. The following two theorems provide a description of the maximal rank subgroups of H acting freely on S. acting freely on S; in fact K = a 1 a 2 , a 1 a 3 , ..., a 1 a n . The quotient surface S/K is a hyperelliptic Riemann surface of genus (n − 1)/2 and H/K ∼ = Z 2 is generated by the hyperelliptic involution.
(ii) If n ≥ 4 is even, then H contains subgroups K ∼ = Z n−2 2 acting freely on S. Moreover, every subgroup of H isomorphic to Z n−1 2 acts non-freely.
Proof. Part (i) was obtained in [2] . Let us see part (ii). Let us first note that the subgroup a 1 a 2 , a 1 a 3 , ..., a 1 a n−1 ∼ = Z n−2 2 acts freely on S. If K < H, K ∼ = Z n−1 2 acts freely on S, then R = S/K is a closed Riemann surface admitting a conformal involution j so that R/ j = S/H. Riemann-Hurwitz formula asserts that the number of branch values should be even, that is, n should be odd.
In Theorem 1 we have seen that for n ≥ 5 odd there is exactly one subgroup K of H acting freely on S and of maximal rank; this rank being n − 1. In the case that n ≥ 4 is even, maximal rank subgroups of K acting freely on S may not be unique; these being of rank n − 2. The following result relates them. , and acting freely on S, then (S/K 1 , H/K 1 ) and (S/K 2 , H/K 2 ) are conformally equivalent if and only if there is some f ∈ Aut(S) so that
Proof. If there is a conformal homeomorphism t : S/K 1 → S/K 2 so that t(H/K 1 )t −1 = H/K 2 , then t induces a conformal automorphism of S/H = (S/K j )/(H/K j ). As S is the homology cover of S/H, t lifts to a conformal automorphism f ∈ Aut(S) that conjugates K 1 and K 2 . Remark 1. As for generic situation Aut(S) = H (recall that Aut(S)/H is isomorphic to the group of Möbius transformations keeping invariant the set of conical points of S/H), the above result asserts that if K 1 and K 2 are two different subgroups of H, both isomorphic to Z n−2 2 , and acting freely on S, then (S/K 1 , H/K 1 ) and (S/K 2 , H/K 2 ) are not conformally equivalent.
The following result provides the information on those subgroups of H acting freely on S and isomorphic to Z n−2 2 (for n ≥ 4 not necessarily even).
Theorem 3 ([2]
). Let (S, H) be a generalized Humbert pair of type n ≥ 4 and let a 1 , ..., a n+1 be the standard generators of H.
(1) There are exactly n(n + 1)/2 different subgroups
of H acting freely on S.
is a subgroup of H acting freely on S, then S/K is a hyperelliptic Riemann surface of genus n − 2, H/K ∼ = Z 2 2 contains the hyperelliptic involution and K = a j 1 a j 2 , a j 1 a j 3 , ..., a j 1 a j n−1 , sfor suitable j 1 , j 2 , ..., j n−1 ∈ {1, 2, ..., n + 1} which are pairwise different. Moreover, (i) if n ≥ 4 is even, then H/K contains, besides the hyperelliptic involution, two conformal involutions, each one with exactly two fixed points; and (iii) if n ≥ 5 is odd, then H/K contains, besides the hyperelliptic involution, one conformal involution acting freely and one involution with exactly 4 fixed points.
2.2. Hyperelliptic quotients. Theorems 1 and 3 asserts that for each of the subgroups K of H of maximal rank H and acting freely on S it happens that S/K is a hyperelliptic Riemann surface. One may wonder for all the subgroups of H acting freely on S and producing hyperelliptic quotients. The answer to this question is provided by the following.
Theorem 4. Let (S, H) be a generalized Humbert pair of type n ≥ 4 and let L < H acting freely on S and so that S/L is hyperelliptic.
is a group of automorphisms of R. There are two possibilities; either the hyperelliptic involution belongs to H/L or not. In the first case, we have that H/L induces an action of Z n−m−1 2 as a group of Möbius transformations. In then second case, we have an action of Z n−m 2 as a group of Möbius transformations. As the only Abelian subgroups of P SL(2, C) are cyclic or Z 2 2 , and the above restrictions on m, necessarily m ∈ {n − 3, n − 2, n − 1}.
Algebraic descriptions. If (S, H)
is a generalized Humbert pair of type n ≥ 4, then Theorem 4 tell us that the only possible subgroups K < H acting freely on R and with S/K hyperelliptic must be isomorphic to Z m 2 where m ∈ {n − 3, n − 2, n − 1}. Next we proceed to describe them. Let us consider a tuple (λ 1 , ..., λ n−2 ) ∈ V n so that S is conformally equivalent to C(λ 1 , ..., λ n−2 ). 2.3.1. m = n − 1. This case is only produced when n ≥ 5 is odd and such a subgroup is unique by Theorem 1. The hyperelliptic Riemann surface S/K is given by
By Theorem 3 and there are exactly n(n + 1)/2 different subgroups
, each one producing a hyperelliptic Riemann surface. Let us denote these subgroups by K 1 ,..., K n(n+1)/2 . Each of the n(n + 1)/2 hyperelliptic Riemann surfaces S/K 1 ,..., S/K n(n+1)/2 can be obtained as follows. Chose any two points from {∞, 0, 1, λ 1 , ..., λ n−2 }, say b 1 and b 2 . Consider the 2-fold branched cover Q :
The critical points of Q are ∞ and 0, it is even i.e., Q(−z) = Q(z), and {Q(∞), Q(0)} = {b 1 , b 2 }. Now consider the hyperelliptic Riemann surface defined by
where
The different n(n + 1)/2 choices for the choice of b 1 and b 2 provides the searched curves.
2.3.3. m = n − 3. In this case, the quotient hyperelliptic surface by such a group K ∼ = Z n−3 2 has genus 2n − 5. In order to obtain the equations of these hyperelliptic curves we proceed as follows. Make a choice of three of the conical points of S/H, say
is a regular branched cover with deck group J = z → −z, z → 1/z ∼ = Z 2 2 whose branch values are b 1 , b 2 and b 3 . Now, let us consider the 4n − 8 preimages under Q of the points in {µ 1 , ..., µ n−2 } = {∞, 0, 1, λ 1 , ..., λ n−2 } − {b 1 , b 2 , b 3 }. The set of these lifted points by Q is a disjoint union of n − 2 sets of cardinality 4 each one (each one is a complete orbit under J). The hyperelliptic curve
is one of the hyperelliptic Riemann surfaces obtained as S/K (where Z 3 2 ∼ = K < H acts freely on S). The different n(n 2 − 1)/6 possible choices on the triple b 1 , b 2 and b 3 provide all the possibilities.
2.4. Example: n = 4. Let us consider a generalized Humbert pair (S, H) of type 4 and let (λ 1 , λ 2 ) ∈ V 4 be so that S is conformally equivalent to C(λ 1 , λ 2 ). Let a 1 , a 2 , a 3 , a 4 and a 5 be the standard generators of H.
2.4.1. The 10 subgroups of H, isomorphic to Z 2 and acting freely on S, are given by
The 10 hyperelliptic curves of genus 3, provided by these 10 subgroups, are given by
The 10 subgroups of H, isomorphic to Z 2 2 and acting freely on S, are given by a 1 a 2 , a 1 a 3 , K 2 = a 1 a 2 , a 1 a 4 , K 3 = a 1 a 2 , a 1 a 5 , K 4 = a 1 a 3 , a 1 a 4 , K 5 = a 1 a 3 , a 1 a 5 ,
In order to get algebraic curves descriptions for the corresponding 10 Riemann surfaces we proceed as follows. We consider the 10 choices for {b 1 
The choices for Q(z) we may use in each case are:
. In this way, we obtain the 10 desired hyperelliptic Riemann surfaces (in the first one, C 1 , we have also changed (x, y) by (ix, iy)):
Note that if we change (x, y) by ( √ λ 1 x, λ 3 1 y), then C 3 is transformed into the curve
and if we change (x, y) by ( √ λ 2 x, λ 3 2 y), then C 4 is transformed into the curve
2.4.3. Each subgroup K j contains exactly 3 of the subgroups L k 's; for instance, K 1 contains L 1 , L 2 and L 5 . As noted before, the genus two surface S/K j is obtained by considering two points b 1 , b 2 ∈ {∞, 0, 1, λ 1 , λ 2 }. A Riemann surface S/L k over S/H j is obtained by considering a point b 3 ∈ {∞, 0, 1, λ 1 , λ 2 } − {b 1 , b 2 }. In this way, once we have chosen b 1 and b 2 , there are exactly 3 possible choices for b 3 ; these are the three subgroups L k 's contained inside K j . For example, if we take {b 1 , b 2 } = {λ 1 , λ 2 }, then the genus two surface (uniformized by one of the K j 's) is given by
and the three genus three surfaces (uniformized by one of the L k 's contained in the corresponding K j ) are
Some facts on the moduli space of generalized Humbert curves
Let us denote by M g the moduli space of closed Riemann surfaces of genus g, by H n the locus in M gn of the conformal classes of generalized Humbert curves of type n, by M 0,n+1 the moduli space of generalized Humbert orbifolds of type n, by M hyp n−2 (Z 2 ) the locus in M n−2 of hyperelliptic Riemann surfaces admitting a conformal involution with exactly two fixed points, by M hyp ((n−2)/2;2,2) the moduli space of orbifolds of signature ((n − 2)/2; 2, 2) whose underlying Riemann surface is hyperelliptic and the hyperelliptic involution permutes both conical points (but does not fix them) and by M hyp ((n−2),4) the moduli space of hyperelliptic Riemann surfaces of genus n − 2 admitting a conformal involution with 4 fixed points.
3.1. Uniformization of generalized Humbert curves. We recall some facts on generalized Humbert curves from [3] . Let S be a generalized Humbert curve of type n ≥ 4, H < Aut(S) be its generalized Humbert group of type n and O = S/H its associated generalized Humbert orbifold of type n. By the Riemann-Hurwitz formula S has genus g n = 1 − 2 n + (n + 1)2 n−2 . As a consequence of the classical uniformization theorem, there is a group Γ n of conformal automorphisms of the hyperbolic plane H with a presentation
n is the derived subgroup of Γ n , then (by results due to Maclachlan [6] ) Γ ′ n is torsion free. In this way, X n := H/Γ ′ n is a closed Riemann surface with G n := Γ n /Γ ′ n ∼ = Z n 2 < Aut(H/Γ ′ n ) so that X n /G n is conformally equivalent to O, that is, the generalized Humbert pairs (S, H) and (X n , G n ) are isomorphic. This in particular asserts that any two generalized Humbert pairs of the same type are topologically equivalent.
If T (S) is the Teichmüller space of the generalized Humbert curve S and M od(S) is its modular group, then M gn = T (S)/Mod(S). Let us consider the homotopy class of H inside Mod(S), which we still denoting by H. Let T H (S) be the locus of fixed points of H < Mod(S) inside T (S) and let N (H) < Mod(S) be the normalizer of H inside Mod(S). The quotient H n = T H (S)/N (H) is the normalization of H n . As seen above, any two generalized Humbert pairs, say (S 1 , H 1 ) and (S 2 , H 2 ), of the same type n are topologically equivalent, that is, there is an orientation-preserving homeomorphism h : S 1 → S 2 so that hH 1 h −1 = H 2 . It follows that H n is analytically equivalent to H n (which is also analytically equivalent to M 0,n+1 ).
Let us set
and let S n+1 be the symmetric group in (n + 1) letters (the action is faithful) generated by the following analytic automorphisms of V n :
.
Corollary 1 ([3]).
(i) H n is normal in M gn and analytically equivalent to M 0,n+1 .
(ii) Let (λ 1 , ..., λ n−2 ), (δ 1 , ..., δ n−2 ) ∈ V n , where n ≥ 3. Then C(λ 1 , ..., λ n−2 ) and C(δ 1 , ..., δ n−2 ) are conformally equivalent if and only if they belong to the same S n+1 action as defined previously.
3.2.
Moduli space of generalized Humbert curves. The following provides the relations between the moduli space of a generalized Humbert curve and the different moduli spaces defined by its corresponding hyperelliptic quotients.
Theorem 5.
(1) If n ≥ 4 is an even integer, then (1.1) there is a generically injective holomorphic map
(1.2) there is a degree n(n + 1)/2 holomorphic surjective map
there is a generically injective holomorphic map
2) there is a degree n(n + 1)/2 holomorphic surjective map
3.3. Proof of part (1) of Theorem 5. In the rest of this section, we assume (S, H) is a generalized Humbert pair of type n ≥ 4 even and that K 1 ,..., K n(n+1)/2 are those subgroups isomorphic to Z n−2 2 acting freely on S. We also denote, as before, by a 1 , ..., a n+1 the standard generators of H. We already know from Theorem 3 that S/K j is a hyperelliptic Riemann surface of genus n − 2, H/K j < Aut(S/K j ) is generated by the hyperelliptic involution j and a conformal involution τ with exactly two fixed points (jτ also has exactly two fixed points). The following asserts that in fact we obtain all possible pairs (R, G), where R runs over the hyperelliptic Riemann surfaces of genus n − 2 and Z 2 2 ∼ = G < Aut(R) contains the hyperelliptic involution of R. Lemma 1. Let R be a hyperelliptic Riemann surface of genus n − 2, where n ≥ 4, whose hyperelliptic involution is j.
(1) If G < Aut(R) is so that G ∼ = Z 2 contains j, then there is a generalized Humbert pair (S, H) and Z n−2 2 ∼ = K < H is acting freely on S so that (R, G) is conformally equivalent to (S/K, H/K).
(2) If u, v ∈ Aut(R) are conformal involutions, both of them different from j, then u, j = v, j .
Proof. As consequence of the Riemann Hurwitz formula, the quotient O = R/G is an Humbert orbifold of type n. In order to obtain (1) we take S as the corresponding homology cover of O. Next we proceed to see (2) . Let us consider a 2-fold branched cover π : R → C. Then, both u and v descends by π to commuting conformal involutions, say u and v, respectively. If u = v, then we are done. Let us assume we have u = v, that is, u, v ∼ = Z 2 2 . Up to a Moebius transformation, we may assume u(z) = 1/z and v(z) = −z. As we are assuming that j / ∈ {u, v, uv}, none of u, v or uv may have a common fixed point with j (this because the stabilizer of any point in Aut(R) is cyclic). It follows that none of u, v or u v fixes a branch value of π. It follows that R must have a curve representation as follows
and n is odd, a contradiction.
3.3.1. Proof of Parts (1.1) and (1.2). As the generic orbifold S/H has trivial group of orbifold automorphisms, Theorem 2 asserts that the n(n + 1)/2 pairs
are generically pairwise conformally non-equivalent. Part (2) of Lemma 1 asserts that the hyperelliptic Riemann surfaces
are generically pairwise conformally non-equivalent. In particular, the previous observations asserts that
is a generically injective holomorphic map. This provides Part (1.1) of Theorem 5. Part (1.2) of Theorem 5 is a simple consequence of Part (1.1) of Theorem 5 and Part (1) of Lemma 1.
Next, we describe the desired surjective holomorphic map of Part (1.2) of Theorem 5 in terms of V n . Assume we are given a hyperelliptic Riemann surface R of genus (n − 2), whose hyperelliptic involution is j, and G = j, τ ∼ = Z 2 , a group of conformal automorphism of R, so that τ has exactly two fixed points (jτ also has exactly two fixed points) and R/G is a Humbert orbifold of type n. We may assume R/G is the Riemann sphere and the conical points to be ∞, 0, 1, λ 1 ,..., λ n−2 , so that λ n−3 is the projection of both fixed points of τ and λ n−2 is the projection of both fixed point of jτ . This choice is not unique as we may compose at the left by a Möbius transformation that sends any of three points in {∞, 0, 1, λ 1 , ..., λ n−4 } to ∞, 0 and 1. This corresponds to the action on V n by the subgroup
Next, as we may permut the involutions τ and jτ , we also need to consider the action of the involution c(λ 1 , ..., λ n−2 ) = (λ 1 , ..., λ n−4 , λ n−2 , λ n−3 ) ∈ S n+1 .
Note that cs = sc and cb = bc, so S n−1 , c = S n−1 ⊕ Z 2 . A model of the moduli space M hyp n−2 (Z 2 ) is, by the above and Lemma 1, given by
Also, a model of the moduli space of pairs (R, τ ), where R is a hyperelliptic Riemann surface of genus n − 2 and τ : R → R is a conformal involution with exactly two fixed points, is given by V n /S n−1 . In these models, the surjective holomorphic map in Part (1.2) of Theorem 5 corresponds to the canonical projection map
Example 1. Let us consider the case n = 4. If (λ 1 , λ 2 ) ∈ V 4 are so that S/H is conformally equivalent to the orbifold provided by C with conical points ∞, 0, 1, λ 1 and λ 2 . Choose the conical points λ 1 y λ 2 and set P (z) = (λ 1 z 2 + λ 2 )/(z 2 + 1). Then P : C → C is the branched covering of degree two with cover group generated by η(z) = −z and branch values at λ 1 and λ 2 . In this case P −1 (∞) = ±i, P −1 (0) = ±i λ 2 /λ 1 and P −1 (1) = ±i (λ 2 − 1)/(λ 1 − 1). These 6 points define the hyperelliptic curve
The curve C λ 1 ,λ 2 is one of the 10 genus two Riemann surfaces uniformized by one of the acting freely subgroups K j . The action of S 3 ⊕ Z 2 at this level is given by:
Proof of Parts (1.3) and (1.4). As consequence of Theorem 1, any subgroup L < H isomorphic to Z n−1 2 that contains some K k is of the form
for some standard generator a j of H. Theorem 3 asserts that, up to permutation of indices, we may assume 1 a 2 , a 1 a 3 , ..., a 1 a n−1 .
If j ∈ {1, 2, ..., n − 1}, then
and H/L is the cyclic group generated by the hyperelliptic involution of S/K k . We call any of these kind of subgroups L a hyperelliptic-Z n−1 2 -subgroups of H. The following is now clear.
Theorem 6. Let (S, H) be a generalized Humbert pair of type n ≥ 4 even. Then, the number of different hyperelliptic-Z n−1 2 -subgroups of H is n(n + 1)/2.
Let us now consider the case j ∈ {n, n + 1}. The two different groups
have the property that H/L j is generated by a conformal involution (different from the hyperelliptic one) of S/K k having exactly 2 fixed points. In this way, S/L j is an orbifold of signature ((n − 2)/2; 2, 2). We call these kind of groups L j a non-hyperelliptic-Z n−1 2 -subgroups of H. At this point, we note that, as there are exactly n(n + 1)/2 different possibilities for K k , there are at most n(n + 1) different non-hyperelliptic-Z n−1 2 -subgroups of H. Lemma 2. Let (S, H) be a generalized Humbert pair of type n ≥ 4 even and let a 1 ,..., a n+1 be the standard generators of H. Let
where j 1 , ..., j n−1 , k 1 , ..., k n−1 ∈ {1, 2, ..., n + 1} so that j 1 , ..., j n−1 are pairwise different and k 1 , ..., k n−1 are also pairwise different. Assume a r ∈ {1, ..., n+1}−{j 1 , ..., j n−1 , k 1 , ..., k n−1 }. Then, U 1 , a r = U 2 , a r Proof. We may assume, up to permutation of indices, that U 1 = a 1 a 2 , a 1 a 3 , ..., a 1 a n−1 and r = n + 1. As (a 1 a 2 )(a 1 a 3 ) · · · (a 1 a n−1 ) = a 1 a n a n+1 ∈ H 1 , a 1 a n ∈ U 1 , a n+1 . It follows that a i a j ∈ U 1 , a n+1 , for all i, j ∈ {1, 2, ..., n}. This ensures U 2 , a n+1 < U 1 , a n+1 , and then they are equal.
As consequence of the previous Lemma, we obtain. -subgroups of H. Again, as for generic pair (S, H) we have that S/H has trivial orbifold automorphism group, generically the (n + 1) orbifolds S/L 1 ,..., S/L n+1 (each one of signature ((n − 2)/2; 2, 2)) are pairwise conformally non-equivalent. In particular, it follows that M 0,n+1 → M hyp ((n−2)/2;2,2)
is a generically injective holomorphic map, obtaining Part (1.3) of Theorem 5.
As a generalized Humbert curve is the homology covering of a Humbert orbifold, it follows Part (1.4) of Theorem 5.
Remark 2. In order to get equations for the underlying hyperelliptic Riemann surfaces S/L j , we only need to choose one of the conical points of S/H and consider the hyperelliptic Riemann surface determined by the other n conical points. For example, if n = 4 and (λ 1 , λ 2 ) ∈ V 4 , then, up to equivalence, the n + 1 = 5 curves of genus one are given by
3.4. Proof of part (2) of Theorem 5. Let us now assume (S, H) is a generalized Humbert pair of type n ≥ 5 odd and that K 1 ,..., K n(n+1)/2 are those subgroups isomorphic to Z n−2 2 acting freely on S. We also denote by a 1 , ..., a n+1 the standard generators of H. One may proceeds as in the even case and to obtain the commutative diagram
where V n /S n−1 is a model for the moduli space of hyperelliptic Riemann surfaces admitting a conformal involution with exactly 4 fixed points. The proofs of Parts (2.1) and (2.2) follows the same lines as the previous cases.
